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KINETIC MODEL OF BUBBLY FLOW
V. M. Teshukov UDC 532.59.6, 517.958

A kinetic approach based on the approzimate calculation of the fluid flow potential and formu-
lation of Hamilton’s equations for generalized coordinates and momenta of bubbles is employed
to describe processes of collective interaction of gas bubbles moving in an inviscid incompress-
ible fluid. Kinetic equations governing the evolution of the distribution function of bubbles are
derived. These equations are similar to Vlasov equations.

Kinetic approaches for the description of fluid flows with gas bubbles have been developed in a number
of recent papers [1-4]. Some of the systems of equations obtained are similar in structure to Vlasov equations
which are used to describe plasma flows. In the derivation of these equations, Hamilton’s ordinary differ-
ential equations that describe the motion of individual particles are employed. If gas bubbles moving in an
inviscid incompressible fluid are treated as particles, then for the derivation of the above-mentioned ordinary
differential equations, one needs to know the fluid flow potential in the region between the particles. For the
simplified situation where the bubbles are considered incompressible, an approximate Hamiltonian describing
the motion of the bubbles for a rarefied bubbly medium was obtained by Russo and Smereka [4] and used
to derive a system of kinetic equations governing the evolution of the one-particle distribution function. The
assumption on the incompressibility of bubbles can be used to describe real flows with bubbles of sufficiently
small size where the surface tension, which maintains the shape of the bubbles, is considerably greater than
the variations of the hydrodynamic pressure. This model can be used for description of concentration waves
for small pressure differences.

The motion of a system of compressible bubbles in a fluid is often modeled using averaged equations,
supplemented with the Rayleigh-Lamb equation for a single bubble. Various models of this type differing
in additional terms of equations describing real effects are discussed in [5, 6]. Certain hydrodynamic effects
related to motion of bubbles in a fluid were considered in a monograph by Lavrent’ev and Shabat [7]. A
kinetic approach for modeling bubbly flows in which the evolution of the bubble distribution function is
governed by equations similar to Boltzmann equations or Vlasov equations, allows one to describe the motion
more thoroughly and to derive average equations using a regular procedure. In particular, this approach can,
in principle, yield certain basic relations that are postulated in a hydrodynamic description.

In the present paper, we derive a system of kinetic equations for bubbly flow that describes the motion
of compressible gas bubbles in an inviscid incompressible fluid. We first formulate the system of Hamilton’s
equations for generalized coordinates of spherical bubbles (spatial coordinates of the centers and radii) and
the corresponding momenta. This system is easily written if the potential of the irrotational fluid flow in the
region between the bubbles is known. For approximate calculation of the potential, we use an asymptotic
expansion of the solution of the Laplace equation in the small parameter — the ratio of the mean radius of
the bubbles to the mean distance between them. Lagrange equations describing the evolution of the bubble
system follow from the law of conservation of energy. By a standard transformation, these equations are
transformed to Hamilton’s equations. We then write an equation for the N-particle distribution function,
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average this equation over the coordinates and momenta of N — 1 particles, and thus obtain Vlasov equations
for the one-particle distribution function. In the present paper, we obtain kinetic equations that correspond
to the leading term in the asymptotic expansion of the fluid flow potential. Steady solutions of these equations
are considered.

1. Hamilton’s Equations for Gas Bubbles Moving in a Fluid. We consider N spherical gas
bubbles moving in an unbounded inviscid incompressible fluid. We assume that the fluid flow in the region
between bubbles is irrotational and the velocity vector vanishes as |@| — co. The fluid velocity potential
@(t, x) is a solution of the following boundary-value problem:

s
Ay =0, z€Q=R3\UBj; B%II‘-:”'”J"*‘SJ'; Vo —0, |z|— . (1.1)
j 7

Here v;(t) = )(t) are the velocities of the centers of spherical bubbles, s; = V() are the velocities of

expansion of the bubbles, x;(t) are the radius-vectors of the centers, b;(t) are the radii of the bubbles

(j =1,...,N), B; and T'j are a ball and a sphere of radius b;(t) with center at the point & = x;(¢),

respectively, and n; is the normal to I'; directed to the fluid; prime denotes derivative with respect to time.
The unknown potential of the irrotational flow can be written as

N
o= (vj1; +sjp5), (1.2)

=1
where, in view of (1.1), the harmonic functions %;(¢, ) and (¢, z) satisfy the conditions
ov; %' =4
on Ir on I, ~ 9k
and their gradients vanish at infinity (d;x = 0 for j # k and d;; = 1).
Let b be the mean radius of a bubble and R the mean distance between bubbles. In what follows,

we consider a rarefied bubbly fluid for which 8 = b(R)™! <« 1. Using asymptotic expansions in a small
parameter, we obtain approximate values of the flow potential near each bubble.

= djkn;, (1.3)

The function @jo = ——b]2~ /r; (rj = |z —a;|), which is harmonic outside the ball B;, satisfies the condition
0pj/0n = 1 on T and the decay condition for large |x|. In the neighborhood of the ith bubble, we have
r? = r¥ln; — 15N @ — )2 = vl - 200885(ri/rij) + (ri/ri)%), rij = |@i = x5l ngi = (=5 — @)y

cosfj; = (T ~ a:,-)nj,-ri‘l, and r; = @ — x|
Using the generating function for Legendre polynomials [8] and the representation for r; written above,
we obtain the following series expansion of the function ;o

pjo = —bj 5 i (E)”(i‘%)”Pn(cos 0,:), (1.4)

s b; T
W = % ij

which is valid in the neighborhood of the ith bubble (r;/r;; < 1). Equation (1.4) for r; = b; gives the expansion
of the trace of the function ;o on I'; in powers of b;/r;;. We note that the quantity b;/r;; is of order 8 < 1.
In (1.4), P,(t) is a Legendre polynomial of the nth degree. It is known that, along with r™P,(cos @), the
function #—(**+1) P, (cos §) also satisfies the Laplace equation. We now introduce the harmonic function

vii = _ﬁ. " (%)nH (%—)nPn(COSOj,-). (1.5)

rij gt 1 ij
It is easy to verify that 3
o (wjo + i) =0 (1.6)
for r; = b;. We consider the function
05 =gjo+ Y ¢5, (1.7)

i#j
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where go( ) is defined by formula (1.5) where the total sum of the series is replaced by the partial sum of
= & + O(b/R)* by virtue of Egs. (1.6), (1.7) and the

€

terms up to n = 2. It is easy to see that d¢;/On r

estimates ¢j; o= O(b/R)* and Vgo], = O(b/R)*. Here i # k. Hence, the function ; defined by formula
k

(1.7) is an approximate solution of problem (1.3) for Laplace equation. The difference of the approximate
and the exact solutions is of order not lower than (b/R)*.
We consider the harmonic function ¥;, = (b?/ 2)V(r]7'1) = —(bj/rj)*(x — x;)/2 which satisfies the

boundary condition (O¢;o /8n)|rl = n; on the surface of the jth bubble. In the neighborhood of the ith

bubble, 1, admits the following] approximate representation by a partial Taylor series with remainder of
order (b/R)*:

Wjo = (b;/2)[(bj/ri;)*mjs — (bs/7i5)*(ri/b) (bs/7i) Bij{(= — =:)r7 )] + O((B/R)*),
where B;j = I — 3nj; ® nj;, I is the unit matrix, and a ® b is the diadic of two vectors. We introduce the
harmonic function

i = (b;/4)(b;/ri5)?(0:/ri5)(bi/7:)* Bij{(x — @) ). (1.8)

1t is easy to verify that &(z, + ;;)/On n = 0 and to show, using this equality, that the function

P; =1+ Zd’ji (1.9)
iz
is an approximate solution of problem (1.3) and its difference from the exact solution is of order not lower
than (b/R)*.
As a result, we have obtained an approximate representation of the fluid velocity potential for specified
velocities of motion and expansion of bubbles. This enables us to calculate the kinetic energy of the fluid:

N N
P 2 4o P % r—_P o
_2///‘14 Q= 2;//<pandr 2;//¢(vznz+s,)cﬂ“
Q =y =iy

(the normal is directed to the fluid and p is the density of the fluid).
Using (1.2), we can write T as

N N
0
T=-3 JZ:I Zl[(% Ajivi) + 5;dijvi + vjC;8i + sjeissi], A= // ¥; @ nidl

dijz//‘PjnidFa C¢j=//1/’jdf, €ij=//90jdr
T r; T;

To calculate the coefficients of this quadratic form, it suffices to know the values of the potentials 1; and ¢;
onT;.

Using Egs. (1.5) and (1.7)—(1.9), we calculate the coefficients of the quadratic form T (when calculating
the integrals over the kth sphere in the sums in Egs. (1.7) and (1.9), we need to consider only the terms v
and ¢j since the contribution of the remaining terms is of order higher than 33). As a result, we obtain the
following expression for the kinetic energy of the fluid:

= -’g[ibf( wlvil? + 4ms? ) +ZZ (47rb b 2 s,s] + 2] ( ,j)2s]-(n,'jvi)
t==1

i=1 j7#i

+2ﬁbg(%)2sz(nﬂv]) +7Tb3(f ) ('UJ’ 1]’01)):!

tj
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In this formula, the first sum comprises terms of zeroth order in 3 and the second sum includes terms of
orders 8, 52, and 33. A formula for the kinetic energy that takes account of terms of order not higher than
(3% was given in [9, 10].

In the calculation of the total kinetic energy of the system “fluid-gas bubbles,” we do not take account
of the kinetic energy of the gas, because the mass of the gas is small compared to the mass of the fluid. The
law of conservation of energy for the fluid that occupies the region between the bubbles is written as

Z-3 [[o-rrea

Here p is the pressure in the fluid, P = const is the pressure at infinity, and u, = un = 8¢/0n (n is the
normal directed to the fluid).

We note that the assumption of sphericity of the bubbles used for an approximate description of the
flow simplifies the problem substantially and makes it possible to determine the main contribution to the
variation of the fluid flow potential caused by oscillations of the bubble volume. In the exact formulation of
the problem, the bubble shape must be obtained as a result of solving the problem with unknown fluid-gas
boundary from the condition of equality of the pressures in the gas and in the fluid on I';. Therefore, in an
approximate description, the formulation of the problem is modified: on the boundary we require equality
of the pressures averaged over the surface. Let 7 be the volume of a bubble. The state of the gas inside
a bubble will be described approximately under the assumption that the density p and the pressure p are
constant over the volume. Let the state of the gas be described by the equation of state p = f1(p) (isentropic
process). The conservation of mass for the gas in a bubble yields the relation pr = pg7y. Here po and po are
the density and pressure of the gas at the initial time and 7y is the initial volume. We assume that, initially,
all bubbles have the same mass mg. Then, they have equal masses at any time and, as was mentioned above,
the pressure in a bubble is determined by its volume: p = f(7) = fi(mo/7). Using (1.2) and (1.3), we obtain

S [[rg -5 (o [ o). o

But the integral in the first term of the right side of thls equality is zero (the total force exerted on a bubble
is equal to zero by virtue of the law of conservation of momentum).
Taking into account that the pressure depends only on the bubble volume, we can write Eq. (1.10) in

the form 5 N o
> [[o-ngia- ;@(n) PG =-S5, )= [rrsrr
= Fl 2 1= P

It is well known that the problem of motion of a fluid with bubbles is a Lagrangian problem in the
case where the flow of the fluid is completely determined by bubble motion [9]. Exactly this situation is
considered in the present paper. Using the law of conservation of energy, we obtain the Lagrange equations
for the generalized coordinates and the ¢orresponding velocities:

N
d (0L oL
—_—== =0, L=T-U, U= i )- 1.11
i (aqi) dq; ; s(:) (1-11)
Here q; = (z;,b;) (i = 1,..., N) are the vectors with four components. Instead of the generalized coordinate

b; (bubble radius), it is convenient to introduce the coordinate o; = b?, which is proportional to bubble’s
surface area, and the velocity X; = o} = 2b;s;. In this case, the Lagrange equation retains the form (1.11)
with g; = (sci,a'i).

In the present paper, we shall consider only the leading term in the expansion of the kinetic energy
in the parameter 3. We write the Lagrangian keeping only terms of zeroth and first order in the small

parameter: N 0 5 N A
L:g(z(wﬁ’»/ﬂvz;uml/zy)+zz PP - 3 (3 nal).

i=1 i=1 ji Tij i=1
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To convert to Hamilton’s equations, we introduce the Hamiltonian

H=T+U (1.12)
and the generalized momenta p; and Q;:
oL 2 oL
p,= = 7rp0'?/2v,-, Qi= == ﬂ'po‘l/ T+ ﬂpalﬂ 1/22
. 3 ’ ox: %] % m

Then, the generalized velocities v; and X; are expressed in terms of the generalized momenta p; and @Q; and
are substituted into (1.12). Since £; = Q;/ (ﬂ'pail / 2) + O(B), up to terms of order 32, we have

(2 3\l 2p; 1/2 o= o2 Qj
v; = p; (3 TpOo; ) =7 = (mpa;’ )7t ;#J ) (1.13)
Using these formulas, we obtain the approximate expression for the Hamiltonian:
N 3/2
(2 ) QiQ; 4ra;
H= ( : + ) =(m), T = i 1.14
Z pTi 27rp o172 ; z#; 2mprs ; ' 3 (L14)
In Hamiltonian form, the equations of motion for the bubbles are
dx; dp; do; dQ;
————— — = — . —_— H N — - . .
at Py gt zo g =Hew g =-Ha (1.15)

For N =1 (motion of a single bubble), H = [p|*/(p7) + Q*/(2mpc'/?) + ¢(r) and Hamilton’s equations have
the form

de 2p dp do Q dQ Q? 1/9 IpI?

—_— =, —=0, —=—— —=—=—mm42 /‘( -P+—). 1

dt  pr’ dt dt  wpol/?’  dt  4mpo3/? +2mep(7) + pTg) (1.16)
From the vector equations it follows that the velocity of a bubble is given by the relations v = 2p,/(p7),
where py = p1ove/2 (70 and vy are the initial values of volume and velocity). From the third equation of
system (1.16) we express Q in terms of the bubble radius b and s: Q = 2mpb?s, where s = ¥. The last
equation of (1.16) reduces to the Rayleigh-Lamb equation

G e B
dt 2 0 4T

for a moving bubble. We note that the order of Eq. (1.17) can be reduced because the Hamiltonian system
always has the integral H = Hy = const. After certain transformations we obtain the equations

N Ho — 2.2\ 1/2
dx ToVo ib_ = j:( ( 0 5(7’)) _ I'voi TO) , (118)

@ T dt 3rp 672

(1.17)

which can be integrated in quadratures. The solution of Egs. (1.18) describes periodic oscillations of a bubble
in rectilinear motion with variable velocity. System (1.18) differs from a similar system in [11] in an additional
term due to compressibility of the bubble.

Generally, system (1.15) admits the following integrals (the laws of conservation of momentum, angular
momentum, and energy):

N
Zp,- = Py = const, Z x; X p; =gy =const, H = Hy = const.
=1 i=1

The law of conservation of momentum follows from the invariance of the Hamiltonian with respect to the
translation transformation :z:; = &; + a, where a is an arbitrary constant vector. The law of conservation of
angular momentum is a consequence of the invariance of the Hamiltonian with respect to the simultaneous
rotation of x; and p; (i =1,...,N).
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2. Derivation of Kinetic Eduations. In the present paper, we consider the collisionless case
assuming that the bubbly medium is sufficiently rarefied, so that over the characteristic time the bub-
bles collide with each other very rarely. The basic equation of the kinetic model is the law of conserva-
tion of the number of particles during their motion. We now consider the N-particle distribution function

f(N)(t, :zzl,al,pl,Ql, «<»EN,ON,PN,Q@N), which, in view of (1.15), satisfies the Liouville equation [12]
N
4 Z (diva, (Hp, fN) ~ divp, (Ha, fN) + (Ho\ ™), = (Ho fM)q, ) =0 (2.1)
k_

and vanishes for large @k, py, 0k, and Q. Equation (2.1) is an analogue of the hydrodynamic continuity
equation for motion along the trajectories of system (1.15). The unknown function in this equation depends on
a large number of independent variables, and construction of its solution is, in fact, equivalent to integration of
Egs. (1.15). Therefore, using the averaging method, we deduce simpler equations that deseribe the evolution
of the one-particle distribution function defined by

f(l)(t7 T1,01,P1, Ql) = /f(N) dQl,
(2.2)
dQl = d:l:z - -d:BNdpz"-deda'z-'-daNng --'dQN.

Multiplying Eq. (2.1) by dQ; and integrating over the generalized coordinates and the momenta of N — 1
particles, we obtain the following equation for the function f():

t(1) +djvx1( / Hp, F dQl) -divPl( / Hg, f™ dfll)

/ Ho, f™ dQl / H, f& >d91) =0. (2.3)

Let us calculate the integral terms of this equatlon. Since Hp, = vy, from (1.13) and (2.1) we obtain

vy
Similarly, using the equality Hg, = £ and (1.13), we find that
1 . £(2.5)
(V) — Qlf _ QJf d . 24
[ruman- 205 [ Ut o, =

Here df2y; = dx; dp; doj dQj, and the two-particle distribution function f(29) is given by the equality
f(zyj)(ta r1,P1,01, Ql)wjvpj7o.jy Q]) = /f(N) dQS,J)a

where ngj ) is obtained from dQ); by dropping terms that enter into d{2s;. Hence, to describe the evolution
of the one-particle distribution function, it is necessary to write the equation for the two-particle distribution
function, etc. Therefore, additional assumptions are usually invoked to close the equations. As in [4], we use
the hypothesis of “molecular chaos,” according to which f@7) = f(¢t,21,py,01, Q1) FO(t, 5, P;,05,Q;)-
This allows us to express the second term on the right side of (2.4) as

*Z/QJ e )dQ =—4(N—1)f(1)/————-—K1 da,

porst ToT; P dmley — x|

where K;(t,z3) = /Qf(l)(t, x2,p,0,Q)dpdo dQ. We note that —(4n|e; — z2|)~! is Green’s function for

the Laplace equation in R3. Therefore,

4(N -1
/HQlf(N)dQl=(7r:iIl/2+ ( ; )d’)f(l), Ay = K.
1
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Since
1 -
He, = ~ Z QiVa, (r1;)™"
J#1
similarly we obtain
/ Hz, f™) d0 = 4Q1 (N — 1)fIVy/p.
We note that H,, depends only on the coordinates and momenta of the first particle and, therefore,

/ H, f™Mdo, = H, §O.

Substituting the expressions obtained in (2.3), we write the kinetic equation for the one-particle distribution
function:

f(”Vzb)

) 4 divm(zp:: 1)) —4(N = 1)divp (Q

+((Q(oma/?) ™ + 4(N — 1)p™ ) fV), — (H,, fV)q = 0.
Letting f(¢t,x,p,0,Q) =Nf (1)(t, x, p, 0, Q) and passing to the limit N — oo, we obtain the kinetic equations
fo + divap (Hpf) ~ divp(Ha f) + (Hof)o — (Hof)g = 0 (2.5)

with the Hamiltonian

o>  @? 49Q
H= 7; + 2p7r0'1/2 + -—p—- +€(7‘). (2.6)

Here 7 = (4/3)70®? and the function ¢, which defines the self-consistent field, satisfies the Poisson equation

Ay =K, Kz/QfdpdadQ. 2.7)

Equations (2.5)~(2.7) describe the evolution of the one-particle distribution function of compressible bubbles
moving in an inviscid incompressible fluid. This system can be treated as a model system that takes into
account the collective interaction of bubbles in a first approximation. To improve the accuracy of approxi-
mation, it is necessary to consider the next terms in the asymptotic expansion of the kinetic energy of the

fluid.
Because Egs. (1.15) admitted integrals, Eqgs. (2.5)~(2.7) obey the hydrodynamic conservation laws

( / FdpdQ da)t +divm( / Hpf dpdQ da) =0, .

(/pf dp dQ dcr)t + diva,-(/(p ® Hp)f dpdQ do + 49~V @ Vp — 2p-1}v¢|21) =0,

( / Hf dpdQdo + 207 [Vy[?) +diva ( ] HHpf dpdQdo — 4p™ V) =0.

Here the divergence of the tensor T is defined as follows: divT - @ = div(T™*(a)), where a is an arbitrary
vector and T™ is the adjoint mapping [13]. A consequence of Egs. (2.8) is the law of conservation of angular
momentum:

(/(w xp)fdpdQ d")t +divg ( /((m xp)®Hp)f dpdQdo+4p™ (x x V) ® v¢) — 20~ rot (x| Ve[ = 0.

The conservation laws (2.8) can be employed to derive the equations in a hydrodynamic approximation.
As an additional law, we can take the following inhomogeneous conservation law:

([@rdpaaas) +dive( [ QHps dpd@as) + [ HofdpaQas =o.
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3. Steady Solutions. It is easy to see that if f does not depend on ¢, the equality f = ®(H) specifies

an exact solution of Eq. (2.5). And for the function 1, we obtain the equation

Ap=L@), L) = / Qf (H) dp do dQ.

In the one-dimensional case where ¥z, = L(¢), this equation can be integrated once: 2/2 = x(¢), where

x(¥) = / L(2) dy, and reduced to quadratures. By giving concrete expressions for the function f(H), it is

possible to obtain various solutions including periodic waves.

This work was supported by the Russian Foundation for Fundamental Research (Grant No. 98-01-
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